Based on the Keldysh nonequilibrium Green function (NGF) technique, a general formula for the current and transmission coefficient through a one dimensional quantum dot lattice is derived without the consideration of electron-electron interactions. We obtain an analytical condition for complete resonant transmission when the levels of dots are aligned, which depends on the parity of the number of quantum dots. The dependence of the number and lineshape of resonant transmission and current peaks on the structure parameters of the quantum dot lattice is also given, with emphasis on the coupled double and triple quantum dot structures.
I. INTRODUCTION
Electronic transport through quantum dot structures has attracted recent theoretical and experimental interest [1] . Because of the analogies to real atoms, a single quantum dot is often referred to as an artificial atom. For a quantum dot, both energy and charge are quantized, and electronic transport through it is governed by the mechanism of coulomb blockade and single electron tunneling. A plot of the differential conductance versus gate voltage applied to a quantum dot exhibits interesting coulomb oscillations with the period roughly equal to the charging energy of the dot. Recent experiments manifest a tunable Kondo effect in quantum dot structures [2] , in which the formation of a spin singlet between the impurity spin and the spins of conduction electrons gives rise to a many-body resonance at the Fermi energy [3] . Modified Kondo effects in quantum dots under nonequilibrium [4] , magnetic [5] and irradiation [6] circumstances are being actively studied. When the quantum dot is coupled with one or two superconducting leads, Andreev tunneling through the dot induces many interesting transport properties [7] . Photon-assisted transport is also being investigated by several groups [8] .
Compared to the single quantum dot case, a coupled quantum dot lattice contains much more physics. A coupled quantum dot array is usually called an artificial molecule. In such a structure, the electron wave function is a superposition of electron states quasi-localized at each dot. Then quantum coherence can be expected to be observed in electron tunneling through the structure [9] . Two new energy scales emerge in such an artificial molecule system. One is the interdot coulomb interaction energy and the other is related to the tunnel matrix element between neighboring quantum dots. The latter is an important parameter symbolizing the formation of a 'chemical bond' or molecular state between quantum dots [10] .
Transport through a quantum dot lattice depends on the matching of electron levels in the various quantum dots. If the electron levels of individual dots are aligned, resonant tunneling occurs [11] . Electronic transport through these structures is usually investigated theoretically on the basis of a "classic" rate equation in the weak coupling limit [10, 12] , and a quantum rate equation in the strong and weak coupling limits [9, 11] . The splitting due to the interdot coupling has also been calculated by Matveev et al. [13] and Golden et al. [14] . Some groups have recently investigated in detail the spectral and current properties of a coupled quantum dot pair following the Keldysh nonequilibrium Green's function (NGF) formalism [15] . Calculations on Phonon-assisted [16] and photon-assisted [17] transport in two coupled quantum dots have been recently conducted, in which an electron pump effect is found. Kondo physics and other correlation effects in the same system have also been considered [18] . Experimentally, as early as 1990, Kouwenhoven et al. [19] performed a transport experiment in a sample consisting of fifteen dots. Some experiments have also been conducted to explore the ground-state properties of a double quantum dot [20] . Very recently, Oosterkamp et al. [21] investigated experimentally microwave spectroscopy of a two quantum dot molecule.
In this work, we consider electron tunneling through a one dimensional quantum dot lattice where the dots are connected in series by tunnel barriers. The lattice is linked to the leads via the first and last dots. Within the Keldysh NGF formalism, we derive an analytical current and transmission formula, which are valid in both the strong and weak coupling limits valid for the nonequilibrium case. We also develop a technique to calculate the retarded Green functions for quantum dots based on the equation-of-motion method. With the help of the technique we developed, it is very convenient and intuitive to calculate the retarded and correlation Green functions for quantum dots. As the transmission and current formula is applied to the cases of a single and a double quantum dot structure, some well-known results are rediscovered, with some new phenomena being observed. The case of three coupled quantum dots shows more complicated and interesting resonant transmission structure. If the dot-lead couplings are asymmetric, the resonant structure of the transmission spectra for the coupled triple quantum dots has weak dependence on the arrangement of dot levels if they are not aligned. Moreover, we derive an analytical expression for the condition for complete transmission of a one dimensional coupled quantum dot lattice. Such a condition depends on whether the number of quantum dots is odd or even. In the case of symmetric dot-lead couplings, our result is consistent with the parity effect of conductance in monatomic wire based on the first-principles calculations [22] . Throughout this work we assume a regime in which the electron-electron interaction may be neglected.
The rest of the paper is organized as follows. In Sec. II we formulate the transport in a one dimensional coupled quantum dot lattice and derive the formulas for calculating the current, transmission and conductance based on the Keldysh NGF method. In Sec. III we use the formulas to calculate the transmission and conductance spectra for a single quantum dot, two coupled quantum dots and a triple quantum dot, with a detailed analysis of our results. Also we derive an analytical expression for the condition for complete transmission of N coupled quantum dots as the dot levels are aligned. Concluding remarks are given in Sec. IV.
II. MODEL AND FORMULATION
We are interested in the electronic transport properties of a one dimensional quantum dot lattice with N dots. The first(last) quantum dot is connected to the left(right) lead L(R) by a tunnel barrier. The leads are considered electron reservoirs with a continuum of states filled up to their respective Fermi levels µ L and µ R at zero temperature. Such a device can be modelled by an N-impurity Anderson Hamiltonian. For simplicity, we shall not take into consideration the interdot and intradot electron-electron interaction and assume only one level in the individual quantum dots. In practical quantum dot lattices, this corresponds to the situation in which the size of the quantum dots is large enough that the interdot and intradot coulomb interaction can be neglected. The electronic level of quantum dot i is labelled by its energy ǫ i . An interdot coupling with matrix element t i accounts for the electron's tunneling between quantum dots i and i + 1. The coupling between the left(right) lead L(R) and the first 1 (last N) is described by a parameter V kL (V kR ). Then an Anderson-type Hamiltonian for the quantum dot lattice or quantum well array in the absence of electron-electron interaction takes the following form
where a kL (a
are the annihilation (creation) operators of electrons in the left lead, right lead and quantum dot i. In Eq. (1), the first term is the Hamiltonian for the leads, the second term is the Hamiltonian for uncoupled N quantum dots, while the third and last two terms describe the coupling between neighboring dots and the couplings between the lattice and the leads.
Following Ref. [23] , the current through the quantum dot lattice is the time evolution of the electron number N L (t) = k a + kL (t)a kL (t) in the left lead
where the less-than Green function G
With the help of Dyson's equation, the less-than Green function G < 1,k (t, t ′ ) can be written as
In Eq. (3), G 
Here 
, we get a compact form of current formula in Fourier space
Now we turn to calculate the retarded (advanced) Green function G r,a
11 (E) and the lessthan Green function G < 11 (E) of quantum dot 1. The essential idea to solve the retarded Green function is that we consider first dot 2 neighboring dot 1 as a part of the right lead, and then consider dot i + 1 as a part of the right lead when calculating the Green functions
where g r 11 (E) is the retarded Green function of quantum dot 1 decoupled with the system, and (8) is the retarded Green function of quantum dot 2 decoupled from dot 1 but still coupled to dot 3. It is given by
Note that for the last quantum dot N, its retarded Green function reads as
where
Once the retarded and advanced Green functions are known (G a = (G r ) * ), the lessthan Green function can be evaluated with the help of the Keldysh formula for the present problem
Then
where the self energies are given by
. Substituting the above expression into the current formula (4), one obtains the following Landauer-Büttiker-type formula
Equation (22) is the central result of this work. This formula for steady transport is valid both in the strong and weak coupling cases. It is also applicable to the nonequilibrium situation. In Eq. (22), the term
is the transmission coefficient for electron tunneling through the one-dimensional quantum dot lattice. Furthermore, the differential conductance G in the linear regime µ L − µ R → 0 + can be readily derived as
It is noted that the above procedure to calculate the related Green functions can be extended to two and three dimension quantum dot lattices with each dot having multiple levels in the presence of electron-electron interactions treated in the mean-field approximation, which will be published elsewhere. In addition, such a procedure is very suitable to numerical calculation of the spectral density and tunneling quantities in coupled quantum dot systems.
III. TRANSMISSION AND CONDUCTANCE
In this section we will investigate coherent transmission and conductance in a one dimensional quantum dot lattice. Our interest is mainly to find out how parameters determine the number and position of resonant transmission and conductance peaks.
A. Single Quantum Dot
In the case of single quantum dot, the Green function and self-energy take the following simple form
Then the transmission and conductance are [?]
, and Ψ (1) is the trigamma function [24] . It is obvious that the transmission coefficient is of the Breit-Wigner type. Only if the coupling between the quantum dot and the two leads is symmetric, i.e., Γ L = Γ R , complete resonant transmission (T = 1) can occur at the renormalized dot level ǫ 1 + Λ, while for asymmetric coupling Γ L = Γ R , the transmission coefficient T is always less than 1. The larger the asymmetry, the smaller the transmission coefficient.
B. Two Coupled Quantum Dots
In the case of two coupled quantum dots, it is expected that the competition between the coupling of the dots and the dots and leads play a crucial role on the transport properties. In the absence of coupling to the leads, the level associated with two equal quantum dots will split into two levels due to the coupling between them. The separation between these two split levels is proportional to the coupling strength. When the dots are connected to the leads, one should consider the quantum dots and the leads as a single system, with the result that now the size of the level splitting depends on both the coupling between dots and leads.
Consider first a double quantum dot structure without coupling to the leads. Assuming the coupling strength between these two dots is t, the hamiltonian becomes ǫ 1 d
Then the retarded Green functions for the two dots are
One can readily find that the above two retarded Green functions have the same two poles at
Note that when ǫ 1 = ǫ 2 , the level separation is simply 2|t|. The above analysis clearly shows that the larger the coupling, the bigger the separation between the two split levels. When the dots are connected to the two leads, this new coupling may modify the effective coupling between the quantum dots as will be discussed in what follows. The associated retarded Green functions in the presence of coupling with the two leads read
and
Substituting Eqs. (29)-(31) into the expression (23) yields [25] T
with
. We now consider the case when the levels of the isolated dots 1 and 2 are the same (ǫ 1 = ǫ 2 = ǫ). In the case of symmetric coupling, i.e., Γ L = Γ R = Γ, Λ L = Λ R = Λ, the condition for complete resonant transmission is that
has real roots. This equation also determines the number and position of the resonant transmission peaks. Obviously, the condition for complete resonant transmission is |t| 2 ≥ Γ 2 /4. There will be then only one complete resonant transmission peak located at E = ǫ+ Λ when
, there is just one incomplete resonant peak (T < 1) pinned at E = ǫ + Λ. In the case of |t| 2 > Γ 2 /4, two complete transmission peaks exist at
. These features can be clearly seen in Fig. 1 (a) , where we can also appreciate that the lineshape of all the transmission peaks is Lorenzian. Here and in all figures following energies are arbitrary units.
Next we consider what would happen if the coupling between the quantum dots and the two leads becomes asymmetric. In this case, one can find from the expression of the transmission coefficient (32) that the condition for complete transmission is |t| 2 = Γ L Γ R /4 and only one complete transmission peak can be expected at E = ǫ + Λ. In all other cases, the transmission coefficient is less than 1. In Fig. 1 (b) we show the transmission coefficient for various interdot coupling constants t for Γ L = 0.25 and Γ R = 4. If the level shift Λ L and Λ R induced by the left and right lead are not the same, the lineshape of the transmission peaks is non Lorenzian, as is apparent in the case Λ L = 0.025, Λ R = 0.4 also shown in the figure. Figure 1 (c) and (d) are the plots of the transmission coefficient for increasing interdot coupling t in the symmetric and asymmetric coupling cases, respectively. When the levels of the quantum dots are not aligned. It is then expected that no complete resonant transmission exists. One can observe that two symmetric transmission peaks always resolved in the symmetric coupling case. As the interdot coupling t increases, the maximum value as well as the separation of the transmission peaks increases. For asymmetric coupling, one transmission peak can be expected when the coupling between the dots is weak, and two asymmetric transmission peaks when it is strong. In addition, with increasing interdot coupling t, the value of the transmission coefficient increases first and then decreases after it is saturated. The position of the principal transmission peak is closer to the level of the quantum dot with smaller coupling to the lead.
This complex behavior reflects the competition between two resonances derived from the ground state of each well when far apart. As they come together and when coupling increases, the resonances approach the ground and first excited states of the compound well, which in general separated in energy. If the coupling is weak, on the other hand, the peaks well only be resolved if their width is smaller than the energy difference ∆ǫ = |ǫ 2 − ǫ 1 |. If coupling to the leads is asymmetric the competing resonances will be dominated by that whose associated wavefunction is concentrated on the well must weakly coupled to the lead.
To sum up, we have investigated in detail the resonant structure of the transmission coefficient of a coupled double quantum dot structure in the linear regime. We found that when the levels of the two dots are aligned, the condition for complete resonant transmission is |t| 2 ≥ Γ 2 /4 in the case of symmetric dot-lead coupling, and |t| 2 = Γ L Γ R /4 in the asymmetric case, which is consistent with the derivations of Ref. [26] . Once there exists a mismatch between the two levels of the quantum dots, no complete resonant transmission peak can be expected. In the case of symmetric dot-lead coupling, the value of the transmission coefficient increases with increasing interdot coupling, until it is saturated. For asymmetric dot-lead coupling, the transmission coefficient increases first and then decreases after it reaches a maximum, as the interdot coupling is increased. Moreover, in the asymmetric case, the splitting of the transmission peak requires a stronger interdot coupling t. Asymmetry between the two split transmission peaks can be observed when the two levels are not aligned for asymmetric dot-lead coupling, provided the interdot coupling is strong enough. In addition, different level shifts of the two dots induced by the coupling to the leads will introduce a non Lorenzian lineshape of the transmission peak(s).
C. Three Coupled Quantum Dots
A coupled triple quantum dot structure is expected to contain richer physics than a coupled double quantum dot system, since it permits more interesting arrangement of the energy levels in each dot and the competition between interdot couplings. However, electronic transport through the coupled triple quantum dots has been less investigated in the past both theoretically and experimentally [27] . In this subsection, we study the detailed dependence of the number and profile of transmission peaks, on the parameters of such a structure.
For an isolated triple quantum dot system, the hamiltonian can be written as
where t L and t R are the couplings between quantum dot 1 and 2, and 2 and 3, respectively. The related retarded Green functions are readily derived as
when the levels of three dots are aligned, i.e., ǫ 1 = ǫ 2 = ǫ 3 = ǫ, each of these three retarded Green functions has the same three poles at
When the three electron levels are mismatched, there exist in general three poles in the above retarded Green functions, that is to say, the position of the original levels are moved due to the existence of the interdot tunneling couplings. As the couplings between the structure and the leads are turned on, the Green functions for calculating the transmission coefficient become
Then the transmission coefficient becomes
Now we consider the case when the three levels of quantum dots are aligned and neglect the energy shifts Λ L and Λ R . At resonance at E = ǫ, one has
then one can easily derive the condition for complete transmission
Further analytical results in this case are cumbersome, so we shall next provide some numerical results on the transmission spectra of the coupled triple quantum dot structure in various cases. Figures 2 and 3 show the transmission spectra for symmetric coupling (Γ L = Γ R = 1), and asymmetric coupling (Γ L = 1, Γ R = 4) to the left and right leads, respectively. In the figures four kinds of arrangements of energy levels are presented: (a) aligned levels ǫ 1 = ǫ 2 = ǫ 3 = 10, (b) ladder levels ǫ 1 = 9, ǫ 2 = 10, ǫ 3 = 11, (c) V -type levels ǫ 1 = 9, ǫ 2 = 11, ǫ 3 = 9 and (d) two aligned neighboring levels ǫ 1 = 9, ǫ 2 = 9, ǫ 3 = 11. From Fig. 2 (a) , one finds that there exists only one complete transmission peak located at E = ǫ when the interdot couplings are equal and small. As t L = t R are increased, the complete transmission peak splits symmetrically. Once the energy shifts are taken into consideration, the transmission peaks are no longer equally spaced (dotted line in Fig. 2 (a) ). Since Eq. (45) is no longer satisfied, there is no complete transmission when t L = t R . In the case of levels arranged in a ladder sequence (Fig. 2 (b) ), one complete transmission peak with two low shoulders is obtained for t L = t R = 0.5. As they both reach the value 2, the shoulders become two incomplete transmission peaks and the complete transmission peak at the center is widened. When the interdot couplings are not equal, the transmission peaks are suppressed and arranged into a ladder type. When the three dot levels are in the V -type disposition, interesting transmission spectra are observed. If the interdot couplings are equal and small, one sharp complete transmission peak and one broad incomplete transmission peak are seen. As the interdot couplings increase, the incomplete transmission peak splits and the resonances move further apart. Similarly, the inequality of t L and t R decreases the transmission in all three peaks. In fact the value of the transmission coefficient through split electron levels is determined by the extension to the leads of the wavefunctions for these split electron levels. Then the above phenomena can be similarly explained as we did in the case of two coupled quantum dots. Figure 2 (d) shows the transmission spectra for ǫ 1 = 9, ǫ 2 = 9, ǫ 3 = 11. One can see two asymmetric incomplete transmission peaks as t L = t R = 0.5. When they reach the value 2, three incomplete transmission peaks of different height are discerned. As in the case of three ladder levels, the asymmetry between two interdot couplings t L and t R rearranges these three transmission peaks into a ladder. Notice that no complete transmission peak even appears in this case. Now we investigate how the transmission spectra are modified when the dot-lead couplings are asymmetric. One can find from Fig. 3 that complete transmission exists only in the case of three aligned levels under the condition for complete transmission. Figure  3 (a) is the transmission spectra for different interdot couplings when the levels of three dots are aligned. One incomplete transmission peak is seen as t L = t R and one complete transmission peak along with two narrow shoulders is observed as t L = 1, t R = 2, which satisfies the condition for complete transmission (45). Also one can find different resonant structures for the cases |t
When the three levels are not aligned, no complete transmission occurs in the case of asymmetric dot-lead couplings, which is demonstrated in Fig. 3 (b)-(d) . The transmission spectra in the case of levels arranged in a ladder exhibit one incomplete transmission peak and one shoulder structure as t L = t R = 0.5. Increasing the interdot couplings, the shoulder becomes gradually distinguished as a transmission peak. The competition between t L and t R strongly modifies the resonant structure of the transmission spectra. Comparing Fig. 3 (b)-(d) , one may find that the resonant structure of the transmission spectra are similar and mainly display two transmission peaks structure. It suggests a fact that, as the dot-lead couplings are not symmetric, the resonant structure of the transmission spectra has weak dependence on the arrangement of the electron levels of quantum dots if they are not aligned.
From the above analysis, the transmission spectra of three coupled quantum dots is more complicated and contains more physics than that of two coupled quantum dots. The main features of the transmission spectra for a triple quantum dot structure are as follows: (1) the transmission spectra may contain just one, two or three resonant peaks, (2) the resonant structure of the transmission spectra is strongly dependent on the arrangement of the electronic levels when the dot-lead couplings are symmetric, while weak dependence on the arrangement of the electron levels if they are not, (3) the resonant structure of the transmission spectrum strongly depends on the symmetry between interdot couplings. These conclusions hold for the linear conductance G as well, since the conductance and the transmission coefficient possess the same resonant structure at low temperatures. Our theoretical results are consistent with the experiment observations in the conductance of triple quantum dots [27] .
D. N Coupled Quantum Dots
As can be found from our previous analysis, the condition for complete transmission is different for one, two and three quantum dots structures. It gives us a hint that the condition for complete transmission would depend on whether the number of quantum dots in a 1D quantum dot lattice is even or odd. In what follows, we derive the condition under which the complete transmission happens when the electron levels of the quantum dot lattice are aligned and energy shifts are ignored, i.e., ǫ 1 = ǫ 2 = · · · = ǫ N = ǫ, and Λ L = Λ R = 0. From the expression for the transmission coefficient (23) and for Γ 2 , one has
At resonance E = ǫ, the real part of all the retarded Green functions becomes zero. Then the transmission coefficient is given by
Complete transmission through the dot lattice, T = 1, is obtained if
Notice that since g r ii = 0 (i = 2, 3, · · · N) at resonance E = ǫ, one can obtain the following expression for ImG
Then the condition for complete transmission is
If the interdot couplings are the same, the condition becomes
Thus one can conclude that for a one dimensional coupled quantum dot lattice, the condition for complete transmission is dependent on the parity of the dot lattice, i.e., whether the number of quantum dots is odd or even. In the case of symmetric dot-lead couplings, i.e., Γ L = Γ R , one finds that conductance can reach 2e 2 /h (T = 1) when the number of quantum dots are odd, while the conductance will always less than 2e
when the number of quantum dots is even. This parity effect of conductance is consistent with the prediction of Sim et al. in the monatomic Sodium wires based on the first-principles calculation [22] . The dependence of transmission or conductance on the number of quantum dots can be explained qualitatively as follows. To simplify our discussion, we constrain ourselves to the case when the interdot couplings are the same, which corresponds to the monatomic wire case [22] . When the number N of dots is odd, one finds that the current through the middle dot (N + 1)/2 can be written as
where 
Obviously, the conductance reaches
only if Γ LD = Γ RD , which implies Γ L = Γ R from the expressions of Γ LD and Γ RD . When the dot number N is even, one can divide the dot array into two parts and then the current from the dot N/2 to (N + 2)/2 can be written as [28] 
The conductance at resonance (ReG r = 0) is
If G e = If the number of dots is even, the dot array can be considered as a two renormalized normal metal contact or a double quantum dot coupled with two renormalized leads. The condition for complete transmission is more strict in the later case.
IV. CONCLUSIONS
In summary, using the Keldysh nonequilibrium Green function method, we have derived the formulas to calculate the transmission coefficient, current and conductance of a coupled N quantum dot system. An effective and convenient procedure to calculate recursively the retarded(advanced) and lesser(greater) Green functions has been developed. Based on the formulation developed, we have analyzed the transmission spectra of just one quantum dot, two coupled dots and three coupled dots in detail, obtaining some well-know results and finding some new phenomena in the transmission spectra of coupled double and triple quantum dot system. When the electron levels of N quantum dots are aligned, we have obtained an analytical expression for the condition for complete transmission. 
